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This paper contains no pictures

• 6 Theorems

• 6 Corollaries

• 6 Lemmas

• 8 Definitions

• 6 Facts

• 5 Propositions
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k-NNS

Given:

• metric space ldp = (X, d) of dimension d and Lp norm p ∈ [1, 2], n points P ⊂ X

• query point q ∈ X

Problem:
Find a data structure that returns k points ∈ P that are closest to q.
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In 2D
The problem is better understood than in Higher dimensions.

Time Space Reference
log n n2 D. P. Dobkin, R. J. Lipton, Multidimensional

Search Problems, Siam Journal of Computing,
5(2), 181, 1976

log2 n n M. I. Shamos, Geometric Complexity, Proceedings
of the Seventh Annual ACM Symposium on
Automata and Theory of Computation, May
1975, 224-233

log n n R. J. Lipton and R. E. Tarjan. Applications of
a planar separator theorem, In SIAM Journal on
Computing, 9(3):615–627, 1980.
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Curse of Dimensionality
In Higher Dimensions dependence is Exponential in d

Time Space Reference

2d log n n2d+1
D. P. Dobkin, R. J. Lipton, Multidimensional
Search Problems, Siam Journal of Computing,
5(2), 181, 1976

dd log n ndd/2e(1+δ) K. Clarkson, Applications of random sampling
in computational geometry, II, Proceedings of
the fourth annual symposium on Computational
geometry, 1–11, 1988

d5 log n nd+δ S. Meiser. Point location in arrangements
of hyperplanes, Information and Computation,
106, 286–303, 1993
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ANN
Linear time or Exponential space

Time Space Reference
d2 log n(ε ≥ d) d2 log n Bern 1993, Chan 1997

ε−(d−1)/2 log n ε−(d−1)/2n log n Arya, Mount 1993, Clarkson, 1994,
Chan 1997

ddε−d dn Arya et. al. 1994
n dn Cohen, Lewis 1997

d2 log2 d n2d

Kleinberg 1997
n dn log2 n log2 d
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Point Location in Equal Balls (PLEB)

Given:

• metric space ldp = (X, d) of dimension d and Lp norm p ∈ [1, 2], n points P ⊂ X

• and any query point q ∈ X

Problem:
Find a data structure such that for some p ∈ P , if

• d(p, q) ≤ r : return p

• else: return NONE
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NN

• If d(p, q) ≤ d(p′, q) ∀p′ ∈ P : return p

return Denver as the NN
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PLEB

• d(p, q) ≤ r : return p Denver

• else: return NONE
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PLEB

• d(p, q) ≤ r : return p Denver & Chicago

• else: return NONE

c©Sydney D’Silva for cmsc828S by Prof. Hanan Samet



University of Maryland May 5, 2005

PLEB

• d(p, q) ≤ r : return p

• else: return NONE
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ANN

• If r = d(p, q) ≤ d(p′, q) ∀p′ ∈ P :
return any p′′ ∈ P s.t. d(p′′, q) ≤ r(1 + ε); ε > 0
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ANN

• If r = d(p, q) ≤ d(p′, q) ∀p′ ∈ P :
return any p′′ ∈ P s.t. d(p′′, q) ≤ r(1 + ε); ε > 0

return Denver as the ANN
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Approximate Point Location in Equal Balls
(A-PLEB)

Given:

• metric space ldp = (X, d) of dimension d and Lp norm p ∈ [1, 2], n points P ⊂ X

• and any query point q ∈ X

Problem:
Find a data structure such that, if

• for some p ∈ P , d(p, q) ≤ r: return p′ such that d(p′, q) ≤ r(1 + ε)

• for all p ∈ P , d(p, q) > r(1 + ε): return NONE

• else: return anything
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APLEB

• for some p ∈ P , d(p, q) ≤ r: return p′ such that d(p′, q) ≤ r(1 + ε)

• for all p ∈ P , d(p, q) > r(1 + ε): return NONE

• else: return anything
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• for some p ∈ P , d(p, q) ≤ r: return p′ such that d(p′, q) ≤ r(1 + ε)
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• else: return anything

Return NONE

c©Sydney D’Silva for cmsc828S by Prof. Hanan Samet



University of Maryland May 5, 2005

APLEB

• for some p ∈ P , d(p, q) ≤ r: return p′ such that d(p′, q) ≤ r(1 + ε)

• for all p ∈ P , d(p, q) > r(1 + ε): return NONE

• else: return anything



University of Maryland May 5, 2005

APLEB

• for some p ∈ P , d(p, q) ≤ r: return p′ such that d(p′, q) ≤ r(1 + ε)

• for all p ∈ P , d(p, q) > r(1 + ε): return NONE

• else: return anything

Return either Denver or Chicago
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ANN reduces to A-PLEB

Binary Search:

• Construct l instances of PLEB with radii r0, r0(1 + ε), r0(1 + ε)2, · · · , r0R;
R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return p.

• Time O(log log R) and Space O(log R).
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ANN reduces to A-PLEB

Binary Search:

• Construct l instances of PLEB with radii r0, r0(1 + ε), r0(1 + ε)2, · · · , r0R;
R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return p.

• Time O(log log R) and Space O(log R).

Locality Sensitive Hashing (LocaSH):

• Time O(n1+1/(1+ε) log n) and Space O(dn + n1+1/(1+ε)).
(poly in n and d + truly sublinear for ε > 1)

Ring-Cover Tree:

• Time O(logO(1) n) and Space O(logO(1) n).
(Time poly in d and log n and Space mildly exponential.)
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APLEB with Binary Search

• Construct l instances of PLEB with radii
r0, r0(1 + ε), r0(1 + ε)2, r0(1 + ε)3, r0(1 + ε)4, r0R; R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return p.

• Time O(log log R) and Space O(log R).
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APLEB with Binary Search
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APLEB with Binary Search

• Construct l instances of PLEB with radii
r0, r0(1 + ε), r0(1 + ε)2, r0(1 + ε)3, r0(1 + ε)4, r0R; R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return p.
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APLEB with Binary Search

• Construct l instances of PLEB with radii
r0, r0(1 + ε), r0(1 + ε)2, r0(1 + ε)3, r0(1 + ε)4, r0R; R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return Denver.

• Time O(log log R) and Space O(log R).
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APLEB with Binary Search

• Construct l instances of PLEB with radii
r0, r0(1 + ε), r0(1 + ε)2, r0(1 + ε)3, r0(1 + ε)4, r0R; R = ∆(P )/r0.

• binary search for r s. t. d(p, q) ≤ r, for some p ∈ P : return Denver.

• Time O(log log R) and Space O(log R).
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APLEB with Bucketing

Bucket B̄ =
S

i Bi

Ball Bi Line Type
BC solid

BMo dotted
BT dashed
BB dot-dashed
BD dot-dot-dot-dashed
BO long-dashed
BA solid

BMi dotted
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Ball Bi Line Type
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BT dashed
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The Bucketing Method
Search reduces to finding the instance B̄i that q belongs to.

B̄1 B̄2 B̄3 B̄4 B̄5 B̄6

BC

BMo

BT

BB

BD q

BO

BA

BMi



University of Maryland May 5, 2005

The Bucketing Method
Search reduces to finding the instance B̄i that q belongs to.

B̄1 B̄2 B̄3 B̄4 B̄5 B̄6

BC

BMo

BT

BB

BD q

BO

BA

BMi

Time O(d)



University of Maryland May 5, 2005

The Bucketing Method
Search reduces to finding the instance B̄i that q belongs to.

B̄1 B̄2 B̄3 B̄4 B̄5 B̄6

BC

BMo

BT

BB

BD q

BO

BA

BMi

Time O(d)

Space O(1/ε)d
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The Bucketing Method
Space O(1/εd)

Cube side = ε/
√

(d)
Cube volume in d dimensions = (ε/

√
d)d = εd/dd/2

Volume of Ball in d dimensions =
(

2πd/2

dΓ(d/2)

)
rd
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The Bucketing Method
Space O(1/εd)

Cube side = ε/
√

(d)
Cube volume in d dimensions = (ε/

√
d)d = εd/dd/2

Volume of Ball in d dimensions =
(

2πd/2

dΓ(d/2)

)
rd

Number of Cubes in a Ball of unit Radius = Volume of ball of unit radius
Cube Volume

Number of Cubes in a Ball of unit Radius =

“
(2πd/2)/(dΓ(d/2))

”
(εd/dd)

(1)

≈
(

(2
√

eπ)
ε

)d

= O(1/εd) (2)

Total Space Complexity = O(n)×O(1/εd)
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The Bucketing Method
Time O(d)

O(1) access time for Hash functions

Hash Functions
h((x1, · · · , xd)) = ((a1x1 + · · ·+ adxd) mod P ) mod M

M Hash table size
ai, P primes

d arithmetic operations give O(d)
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Locality Sensitive Hashing (LocaSH)

Embed → Project→ Hash

• Embed Metric Space on to a Hamming Space (dimensions d to d′)

• Project the Binary Vectors Randomly on to a subspace (equivalent to Hashing) dimensions d′

to k < d′

• Hash in to Buckets l times
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LocaSH

Preliminaries Take C(35,42)

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

C(35,42) ÷ 12.5 = (2, 3)

(35, 42) → (2, 3) HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Take Unary(2) = 1100000 [2 ones followed by C-2 zeros; C = max(coordinates)]

(2, 3) → 11000001110000 HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Hamming Code (C) = Concatenation of Unary(2) & Unary(3) = 11000001110000

(2, 3) → 11000001110000 HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Embed→ Project→ Hash

11000001110000 → 110 HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Randomly pick a dimension of HC (say 2) [with replacement]

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 1000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Replace 2 and gain Randomly pick another dimension of HC (say 9)

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 1000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Replace 9 and gain Randomly pick another dimension of HC (say 13)

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 1000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Instance I1

H14

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Instance I1

H14

C110 Mo100 T111 B 110 D010 O110 A 100 Mi 100

C

Mo 1 3.6

T 1 3.6 2 6.0

B 0 4.5 1 5.4 1 2.2

D 1 2.0 2 5.0 2 5.0 1 6.3

O 0 1.0 1 2.8 1 4.5 0 5.0 1 2.2

A 1 4.5 0 2.2 2 5.4 1 4.0 2 6.3 1 4.1

Mi 1 5.8 0 3.0 2 6.7 1 5.1 2 7.6 1 5.4 0 1.4



University of Maryland May 5, 2005

LocaSH

Instance I1

H14

C110 Mo100 T111 B 110 D010 O110 A 100 Mi 100

C

Mo 1 3.6

T 1 3.6 2 6.0

B 0 4.5 1 5.4 1 2.2

D 1 2.0 2 5.0 2 5.0 1 6.3

O 0 1.0 1 2.8 1 4.5 0 5.0 1 2.2

A 1 4.5 0 2.2 2 5.4 1 4.0 2 6.3 1 4.1

Mi 1 5.8 0 3.0 2 6.7 1 5.1 2 7.6 1 5.4 0 1.4

CO Good Collision
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LocaSH

Instance I1

H14

C110 Mo100 T111 B 110 D010 O110 A 100 Mi 100

C

Mo 1 3.6

T 1 3.6 2 6.0

B 0 4.5 1 5.4 1 2.2

D 1 2.0 2 5.0 2 5.0 1 6.3

O 0 1.0 1 2.8 1 4.5 0 5.0 1 2.2

A 1 4.5 0 2.2 2 5.4 1 4.0 2 6.3 1 4.1

Mi 1 5.8 0 3.0 2 6.7 1 5.1 2 7.6 1 5.4 0 1.4

CO Good Collision CB Bad Collision
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LocaSH

Instance I1

H14

• LocaSH is about making Probability(Bad Collisions) < Probability(Good Collisions)
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• LocaSH is about making Probability(Bad Collisions) < Probability(Good Collisions) Functions

that preserve locality

• Increase the number of instances l



University of Maryland May 5, 2005

LocaSH

Instance I1

H14

• LocaSH is about making Probability(Bad Collisions) < Probability(Good Collisions) Functions

that preserve locality

• Increase the number of instances l

• Increase the dimension of the subspace k
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LocaSH

Instance I2

H14

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Instance I3

H14

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

Instance I4

H14

HC(p) 2,9,13 7,10,14 1,5,11 8,12,14

x y f(x) f(y) Unary(x) Unary(y) I1 I2 I3 I4
C 35 42 2 3 1100000 1110000 110 010 100 100

Mo 52 10 4 0 1111000 0000000 100 000 100 000

T 62 77 4 6 1111000 1111110 111 010 101 110

B 82 65 6 5 1111110 1111100 110 010 111 110

D 5 45 0 3 0000000 1110000 010 010 000 100

O 27 35 2 2 1100000 1100000 110 000 100 100

A 85 15 6 1 1111110 1000000 100 000 110 100

Mi 90 5 7 0 1111111 0000000 100 100 110 000
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LocaSH

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001

010 D C,T,B,D

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D

101 T

110 C,B,O A,Mi T,B

111 T B
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LocaSH

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001

010 D C,T,B,D

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D

101 T

110 C,B,O A,Mi T,B

111 T B

C collides with O 3 times
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LocaSH

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001

010 D C,T,B,D

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D

101 T

110 C,B,O A,Mi T,B

111 T B

C collides with O 3 times

C collides with B only 2 times!
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LocaSH
Distance & Collision Matrix

C Mo T B D O A Mi

C 1 1 11 11 111 1

Mo 3.6 1 11 111

T 3.6 6.0 1

B 4.5 5.4 2.1

D 2.0 5.0 5.0 6.3

O 1.0 2.8 4.5 5.0 2.2

A 4.5 2.2 5.4 4.0 6.3 4.1 1

Mi 5.8 3.0 6.7 5.1 7.6 5.4 1.4
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LocaSH

Query q: Embed→ Project→ Hash→ pick object with max collisions

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001 q

010 D,q C,T,B,D,q

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D,q

101 T

110 C,B,O A,Mi T,B

111 T B

q(5,55) (0,4)
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LocaSH

Query q: Embed→ Project→ Hash→ pick object with max collisions

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001 q

010 D,q C,T,B,D,q

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D,q

101 T

110 C,B,O A,Mi T,B

111 T B

q(5,55) (0,4) 00000001111000
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LocaSH

Query q: Embed→ Project→ Hash→ pick object with max collisions

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001 q

010 D,q C,T,B,D,q

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D,q

101 T

110 C,B,O A,Mi T,B

111 T B

q(5,55) (0,4) 00000001111000 010 010 001 100
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LocaSH

Query q: Embed→ Project→ Hash→ pick object with max collisions

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001 q

010 D,q C,T,B,D,q

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D,q

101 T

110 C,B,O A,Mi T,B

111 T B

q(5,55) (0,4) 00000001111000 010 010 001 100 pick D



University of Maryland May 5, 2005

LocaSH

Query q: Embed→ Project→ Hash→ pick object with max collisions

I1 I2 I3 I4
000 Mo,O,A D Mo,Mi

001 q

010 D,q C,T,B,D,q

011

100 Mo,A,Mi Mi C,Mo,O C,O,A,D,q

101 T

110 C,B,O A,Mi T,B

111 T B

q(5,55) (0,4) 00000001111000 010 010 001 100 pick D

Space O(nd + nl) Time O(dl)
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LocaSH

C Mo T B D O A Mi q

C 1 1 11 11 111 1 1

Mo 3.6 1 11 111 1

T 3.6 6.0 1 1

B 4.5 5.4 2.1 1

D 2.0 5.0 5.0 6.3 111

O 1.0 2.8 4.5 5.0 2.2 1

A 4.5 2.2 5.4 4.0 6.3 4.1 1 1

Mi 5.8 3.0 6.7 5.1 7.6 5.4 1.4

q(5,55) (0,4) 00000001111000 010 010 001 100
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LocaSH
Connection to ANN

C Mo T B D O A Mi q

C 1 1 11 11 111 1 1

Mo 3.6 1 11 111 1

T 3.6 6.0 1 1

B 4.5 5.4 2.1 1

D 2.0 5.0 5.0 6.3 111

O 1.0 2.8 4.5 5.0 2.2 1

A 4.5 2.2 5.4 4.0 6.3 4.1 1 1

Mi 5.8 3.0 6.7 5.1 7.6 5.4 1.4

q(5,55) (0,4) 00000001111000 010 010 001 100
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LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive



University of Maryland May 5, 2005

LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive

p1 = 1− r
d′



University of Maryland May 5, 2005

LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive

p1 = 1− r
d′ p2 = 1− r(1+ε)

d′



University of Maryland May 5, 2005

LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive

p1 = 1− r
d′ p2 = 1− r(1+ε)

d′ for ε > 0 p1 > p2



University of Maryland May 5, 2005

LocaSH
Connection to ANN
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LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r
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r(1+ε)

d′

”
sensitive

p1 = 1− r
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For r < d′
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LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive

p1 = 1− r
d′ p2 = 1− r(1+ε)

d′ for ε > 0 p1 > p2

For r < d′
ln n Space O(n(d + n1/(1+ε))) Time O(dn1/(1+ε))
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LocaSH
Connection to ANN

The hashing functions for Hd′ with Hamming metric dH(p, q) are“
r, r(1 + ε), 1− r

d′, 1−
r(1+ε)

d′

”
sensitive

p1 = 1− r
d′ p2 = 1− r(1+ε)

d′ for ε > 0 p1 > p2

For r < d′
ln n Space O(n(d + n1/(1+ε))) Time O(dn1/(1+ε))

ρ =
ln 1/p1
ln 1/p2

k = ln(n/B)
ln 1/p2

l =
`

n
B

´ρ
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LocaSH
Dependence on k and l

d′ = 14 n = 8 r = 1 (distance to NN)

ε p1 =
`
1− r

d′
´

p2 =
“
1− r(1+ε)

d′

”
|B| k = ln(n/B)

ln 1/p2
l =

`
n
B

´ln (1/p1)/ ln (1/p2)

2.0 0.93 0.79 4 3 1

0.5 0.93 0.89 4 6 1

2.0 0.93 0.79 1 9 2

0.5 0.93 0.89 1 18 4
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d′ = 14 n = 8 r = 1 (distance to NN)

ε p1 =
`
1− r

d′
´

p2 =
“
1− r(1+ε)

d′

”
|B| k = ln(n/B)

ln 1/p2
l =

`
n
B

´ln (1/p1)/ ln (1/p2)

2.0 0.93 0.79 4 3 1

0.5 0.93 0.89 4 6 1

2.0 0.93 0.79 1 9 2

0.5 0.93 0.89 1 18 4

When k = 6



University of Maryland May 5, 2005

LocaSH
Dependence on k and l

d′ = 14 n = 8 r = 1 (distance to NN)

ε p1 =
`
1− r

d′
´

p2 =
“
1− r(1+ε)

d′

”
|B| k = ln(n/B)

ln 1/p2
l =

`
n
B

´ln (1/p1)/ ln (1/p2)

2.0 0.93 0.79 4 3 1

0.5 0.93 0.89 4 6 1

2.0 0.93 0.79 1 9 2

0.5 0.93 0.89 1 18 4

When k = 6

HC(p) 2,5,9,11,13,14 4,7,8,10,11,13 1,3,6,7,10,14 5,7,8,10,12,13

Unary(x) Unary(y) I1 I2 I3 I4
C 1100000 1110000 101000 001100 100010 001100 40 12 34 12

Mo 1111000 0000000 100000 100000 110000 000000 32 32 48 0

T 1111000 1111110 101110 101111 110010 001111 46 47 50 15

B 1111110 1111100 111100 101110 111010 101110 60 46 58 46

D 0000000 1110000 001000 001100 000010 001100 8 12 2 12

O 1100000 1100000 101000 001000 100000 001000 40 8 32 8

A 1111110 1000000 110000 101000 111000 101000 48 40 56 40

Mi 1111111 0000000 110000 110000 111100 110000 48 48 60 48

q 0000000 1111000 001100 001110 000010 001100 12 14 2 12
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LocaSH

I1 I2 I3 I4
0 Mo

2 Dq

8 D O O

12 q CD CDq

14 q

15 T

32 Mo Mo O

34 C

40 CO A A

46 T B B

47 T

48 AMi Mi Mo Mi

50 T

56 A

58 B

60 B Mi
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LocaSH for real Data
Error decreases with increasing l
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LocaSH for real Data
Performs “better” than the SR tree
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Johnson-Lindenstrauss Lemma
The Frank-Maehara result

For P ⊂ Rd 0 < ε < 1/2 k = d 9
(ε2−2ε3/3)

lnne+ 1

∃ a linear map f : P → Rk

such that ∀p, q ∈ P (1− ε)||p− q||2 < ||f(p)− f(q)||2 < (1 + ε)||p− q||2

In words;
Project the points in P on to some subspace of P
defined by ∼ 9 ln n/ε2 random lines

then this mapping is a distance preserving mapping within an error of ε.
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LocaSH

Instance I2

H14

C010 Mo000 T010 B 010 D010 O000 A 000 Mi 100

C

Mo 1 3.6

T 0 3.6 1 6.0

B 0 4.5 1 5.4 0 2.2

D 0 2.0 1 5.0 0 5.0 0 6.3

O 1 1.0 0 2.8 1 4.5 1 5.0 1 2.2

A 1 4.5 0 2.2 1 5.4 1 4.0 1 6.3 0 4.1

Mi 2 5.8 1 3.0 2 6.7 2 5.1 2 7.6 1 5.4 1 1.4
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LocaSH

Instance I3

H14

C100 Mo100 T101 B 111 D000 O100 A 110 Mi 110

C

Mo 0 3.6

T 1 3.6 1 6.0

B 2 4.5 2 5.4 1 2.2

D 1 2.0 1 5.0 2 5.0 3 6.3

O 0 1.0 0 2.8 1 4.5 2 5.0 1 2.2

A 1 4.5 1 2.2 2 5.4 1 4.0 2 6.3 1 4.1

Mi 1 5.8 1 3.0 2 6.7 1 5.1 2 7.6 1 5.4 0 1.4
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LocaSH

Instance I4

H14

C100 Mo000 T110 B 110 D100 O100 A 100 Mi 000

C

Mo 1 3.6

T 1 3.6 2 6.0

B 1 4.5 2 5.4 0 2.2

D 0 2.0 1 5.0 1 5.0 1 6.3

O 0 1.0 1 2.8 1 4.5 1 5.0 0 2.2

A 0 4.5 1 2.2 1 5.4 1 4.0 0 6.3 0 4.1

Mi 1 5.8 0 3.0 2 6.7 2 5.1 1 7.6 1 5.4 1 1.4
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(γ, δ) cluster

• Def: S ⊂ P is a (γ, δ)−cluster for P if ∀p ∈ S, |P
⋂

B(p, γ∆(S))| ≤ δ|P |
|P | = n (In eg. 8), ∆(S) = largest interpoint distance in S (In eg. 7.6)

• If the number of elements contained in each ball of radius γ∆(S) ≤ δn, for
given γ, δ, then subset S of P is a (γ, δ) cluster of P .
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(γ, δ) cluster

• Def: S ⊂ P is a (γ, δ)−cluster for P if ∀p ∈ S, |P
⋂

B(p, γ∆(S))| ≤ δ|P |
|P | = n (In eg. 8), ∆(S) = largest interpoint distance in S (In eg. 7.6)

• If the number of elements contained in each ball of radius γ∆(S) ≤ δn, for
given γ, δ, then subset S of P is a (γ, δ) cluster of P .

• (1/3, 3/8) cluster; {max |B(p, 1/3× 7.6)| =} 3 ≤ 3 {= 3/8× 8}
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Another (1, 8) cluster

Theorem 1: Where there is a (γ, δ) cluster there is a (b, c, d) cover
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Another (1, 8) cluster

Theorem 1: Where there is a (γ, δ) cluster there is a (b, c, d) cover
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(b, c, d) Cover

A sequence A1, A2, · · · , Al of sets Ai ⊂ P is a (b, c,d) cover for S ⊂ P , if

• |P
⋂ ⋃

p∈Ai
B(p, r))| ≤ b|Ai| b = 1.9

• |Ai| ≤ c|P | c = γ = 8

• for r ≥ d∆(A), A =
⋃

i Ai, S ⊂ P . d = 0.2 s.t r = 2.4 for ∆(A) = 7.6
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(b, c, d) Cover

A sequence A1, A2, · · · , Al of sets Ai ⊂ P is a (b, c,d) cover for S ⊂ P , if

• |P
⋂ ⋃

p∈Ai
B(p, r))| ≤ b|Ai| b = 1.9

• |Ai| ≤ c|P | c = γ = 8

• for r ≥ d∆(A), A =
⋃

i Ai, S ⊂ P . d = 0.2 s.t r = 2.4 for ∆(A) = 7.6

(1.9, 8, 2.4) Cover
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An Algorithm to compute a (b,c,d) cover

• Choose Set1 = {C}

• Construct ball BC(C, r = 2.4)

• Since |BC| > 1.9× |Set1| Assign elements of |BC| to Set2; i.e.{C,D,O}
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {C,D,O} — BC BD, BO

• Since |BC

⋃
BD

⋃
BO| < 1.9× |Set2|

• Assign {C,D,O} to A1
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {C,D,O} — BC BD, BO

• Since |BC

⋃
BD

⋃
BO| < 1.9× |Set2| STOP

• Assign {C,D,O} to A1
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {C,D,O} — BC BD, BO

• Since |BC

⋃
BD

⋃
BO| < 1.9× |Set2| STOP

• Assign {C,D,O} to A1
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An Algorithm to compute a (b,c,d) cover

• Remove {C,D,O} from P

• Continue as before, pick Set1 = {Mo}

• Since |BMo| > 1.9× |Set1| Assign elements of |BMo| to Set2; i.e.{Mo,A}
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {Mo,A} — BMo, BA

• Since |BMo

⋃
BA| < 1.9× |Set2|

• Assign {Mo,A} to A2
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {Mo,A} — BMo, BA

• Since |BMo

⋃
BA| < 1.9× |Set2| STOP

• Assign {Mo,A} to A2
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An Algorithm to compute a (b,c,d) cover

• Construct balls around elements of Set2 = {Mo,A} — BMo, BA

• Since |BMo

⋃
BA| < 1.9× |Set2| STOP

• Assign {Mo,A} to A2
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An Algorithm to compute a (b,c,d) cover

Similarly get A3 = {Mi}
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An Algorithm to compute a (b,c,d) cover
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An Algorithm to compute a (b,c,d) cover

Similarly get A4 = {T ,B}
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The Cover Node

• if q 6∈ B(a, r0)∀a ∈ A

• else if q ∈ B(a, r0) for some a ∈ A but q 6∈ B(a′, rk)∀a′ ∈ A

• else if q ∈ B(a, rk) for some a ∈ Ai
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The Cover Node

• if q 6∈ B(a, r0)∀a ∈ A Search P-A, to get p.
Choose any a ∈ A & return minq(p, a)

• else if q ∈ B(a, r0) for some a ∈ A but q 6∈ B(a′, rk)∀a′ ∈ A
Do binary search on radii to find ε−NN p′ of q in A.
Search P-A to get p & return minq(p, p′)

• else if q ∈ B(a, rk) for some a ∈ Ai then return Search (q, Si)
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(α, α, β)-Ring Separator for S⊂P

Ball B(p, r) = {q ∈ X|d(p, q) ≤ r}
Ring R(p, r1, r2) = B(p, r2)−B(p, r1)
(α, α, β)−Ring Separator β = r2/r1

if |P
⋂

B(p, r)| ≥ α|P | & |P −B(p, βr)| ≥ α|P |
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Ring Node

• When q ∈ B(p, βr/2) search S1

• When q 6∈ B(p, βr/2) search S2 to get p′

return minq(p, p′)
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• When q ∈ B(p, βr/2) search S1

• When q 6∈ B(p, βr/2) search S2 to get p′

return minq(p, p′)
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Ring Node

• When q ∈ B(p, βr/2) search S1

• When q 6∈ B(p, βr/2) search S2 to get p′

return minq(p, p′)

c©Sydney D’Silva for cmsc828S by Prof. Hanan Samet



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.

When you cannot find an (α, α, β)-Ring Separator for S⊂P



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.

When you cannot find an (α, α, β)-Ring Separator for S⊂P

There are 2 Theorems that will guarantee that you will find a (b,c,d)-cover.



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.

When you cannot find an (α, α, β)-Ring Separator for S⊂P

There are 2 Theorems that will guarantee that you will find a (b,c,d)-cover.

The Ring-Cover Tree is of depth O(ln2(n))



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.

When you cannot find an (α, α, β)-Ring Separator for S⊂P

There are 2 Theorems that will guarantee that you will find a (b,c,d)-cover.

The Ring-Cover Tree is of depth O(ln2(n))

with l instances; Time O(ln(l)× ln2(n))



University of Maryland May 5, 2005

Can you always find an (α, α, β)-Ring Separator for S⊂P ?

No; consider α > 1/2 β > 1.

When you cannot find an (α, α, β)-Ring Separator for S⊂P

There are 2 Theorems that will guarantee that you will find a (b,c,d)-cover.

The Ring-Cover Tree is of depth O(ln2(n))

with l instances; Time O(ln(l)× ln2(n))

Space O(npoly ln(n))
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Critique
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Discussion

PLEB
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Discussion

Binary Search Method

Space O(ln(1+ε) R) Time O(ln ln(1+ε) R).
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Discussion

The Bucketing Method

Space O(n)×O(1/εd) Time O(d)
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Discussion

The Ring-Cover Tree

Space O(npoly(lnn)) Time O(ln2 n× ln l)
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Discussion

LocaSH

Space O(nd + nl) Time O(dl)
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Discussion

LocaSH

Space O(nd + nl) Time O(dl)

Space O(n(d + n1/(1+ε))) Time O(dn1/(1+ε))
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Discussion

LocaSH Versus SASH
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Discussion

LocaSH Versus Skip List
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Discussion

@Harvard University Press
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Thanks

• Austin, Brent, Dave, Guilherme, Jagan, John, Kenny
for the exciting discussions and presentations

• Michelle Hugue
who paved the way to Samet’s class
“i can’t imagine that you would have a problem after your trial by fire in my
class [cmsc420; Fall’04]
(in fact, i’d love to have you in there to tell me what he’s been up to)”

• Prof. Hanan Samet
for taking us through this fascinating journey.
That was not flattery, merely an observation.
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